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ABSTRACT

This paper presents a new non-blind image restoration method
based on the symmetric generalized Pareto (SGP) prior,
which models the heavy-tailed distributions of gradients
for natural images. Through experiments we show that the
SGP model achieves log likelihood scores comparable to the
hyper-Laplacian model when fitted to gradients and other
band-pass filter responses. More importantly, when incorpo-
rated into a Bayesian MAP framework for non-blind image
restoration, the SGP model leads to a closed-form solution
for a per-pixel subproblem, which affords computational
advantages in comparison with the numerical solutions in-
duced from the hyper-Laplacian model. Experimental results
show that our method is comparable to existing methods in
restoration quality and processing speed.

Index Terms— Symmetric Generalized Pareto, Half-
Quadratic Splitting

1. INTRODUCTION

The visual quality of an image can be degraded by a num-
ber of factors during the acquisition process, such as motion
blur, focus variation and environmental noise. Mathematical-
ly, this degradation process can be described as y = x⊗k+n,
where x is the original image, k is the convolution kernel (the
point spread function), n is the additive noise and y is the
observed blurry image. The task of image restoration is to
recover x from the degraded observation y with known or
unknown k,n information [1]. We mainly focus on the non-
blind image restoration problem with a known, spatially in-
variant kernel k. This problem also turns out to be an essential
building block for many blind restoration algorithms [2, 3].

The non-blind image restoration problem is inherently
ill-posed in the presence of k and n; therefore, a statistical
prior model for the clean image x is of central importance
for restoration quality. Priors based on natural image statis-
tics have proven effective for numerous image processing
applications, such as the joint distributions of the neighboring
wavelet coefficients [4], Field of Experts [5] and the patch
priors from EPLL [6]. One well-founded, widely used prior

for image restoration is the marginal distributions of gradi-
ents and other band-pass filter responses: these distributions
are highly kurtotic with tails heavier than the Gaussian and
Laplacian models, which can be well modeled with a hyper-
Laplacian model [7, 8, 9] or a scale mixture of Gaussian-
s [10]. By encouraging the marginal statistics of the gradients
to match these models, high-quality restoration results have
been achieved with a general Bayesian maximum-a-posterior
(MAP) framework [11, 12]. However, the corresponding
MAP problems become computationally challenging due to
the non-smooth objective functions. Recently, several fast
schemes have been proposed to solve the hyper-Laplacian
based problem by decomposing it into two subproblems with
half-quadratic splitting [13, 14]. For one subproblem de-
pending on the hyper-Laplacian prior, a 1D optimization
process needs to be performed independently on each pixel.
Pre-computed look-up tables or iterative approximations are
proposed to accelerated the optimization process [13, 14].

In this paper, we propose a novel non-blind image restora-
tion method, which regularizes the marginal behavior of x’s
gradients with a Symmetric Generalized Pareto (SGP) mod-
el. SGP has recently been studied (under different names) by
various researchers in the machine learning community [15,
16, 17]. We fit SGP to the heavy-tailed statistics of image
gradients and responses of other band-pass filters, and exper-
imentally show that the fitting results of the SGP model are
comparable to the widely used hyper-Laplacian model. More
importantly, when used as a probabilistic prior in the Bayesian
MAP framework, the SGP model leads to a simple closed-
form solution for any valid parameter settings, which is con-
ceptually more favorable than the approximate numerical so-
lutions with the hyper-Laplacian model. We quantitatively
evaluate our SGP-based method, the hyper-Laplacian based
methods [13, 14] and the classic L1 restoration method [18]
with various kernel and noise settings. Experimental results
show that our method is comparable to the hyper-Laplacian
based methods in restoration image quality with improved
processing speed. Our evaluation also shows that the restora-
tion performance of the L1 method, though better for Gaus-
sian kernels, becomes inferior to our method when images are
degraded with realistic motion-blur kernels.
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Fig. 1: A typical image gradient distribution (in logarith-
mic scale) and the fitting results with four parametric models:
Gaussian, Laplacian, hyper-Laplacian and SGP.

2. THE SGP MODEL

The Symmetric Generalized Pareto distribution (SGP) is
defined by ‘symmetrizing’ the generalized Pareto distribu-
tion [19] to the whole real line as follows:

p(x|ω, γ) = ωγω

2(|x|+ γ)ω+1
, x ∈ R (1)

where ω, γ > 0 are the shape and scale parameters respec-
tively. Large ω values or small γ values lead to sharp peaks
around zero. A typical image gradient distribution and the
fitting results of SGP and three parametric models are shown
in Figure 1: the empirical density curve falls at a decreas-
ing rate when moving away from zero, resulting heavy tails
that are captured by both hyper-Laplacian and SGP. Given e-
nough independently drawn samples, ω, γ can be numerically
estimated using maximum likelihood [16].

We test the fitting abilities of Gaussian, Laplacian, hyper-
Laplacian and our SGP model on 100 images randomly s-
elected from van Hateren’s data set [20]. For each image,
we collect the marginal distributions of 6 band-pass filter re-
sponses: the gradient components along the horizontal and
the vertical directions, and 4 sub-band signals extracted from
the steerable pyramid coefficients [21]. We fit these distribu-
tions with four models using MLE. The log-likelihood scores
of the data are used to measure the model performance. The
average log-likelihood scores over the 100 images are pre-
sented in Table 1. For each of the six filter responses, SGP
and hyper-Laplacian show close fitting scores, outperforming
Gaussian and Laplacian with clear numerical advantages.

3. NON-BLIND IMAGE RESTORATION WITH SGP

We denote x as the original image vector and y = x ⊗ k +
n as the observed image degraded by the blurring kernel k
and the additive Gaussian noise n. The problem of non-blind
restoration is to reconstruct x from y with known k,n. Given

Filter Response G L h-L SGP
Gradient-X 1.794 2.181 2.317 2.342
Gradient-Y 1.776 2.175 2.288 2.346
Sub-band 1 2.661 3.033 3.183 3.177
Sub-band 2 1.777 2.113 2.254 2.258
Sub-band 3 1.021 1.319 1.444 1.442
Sub-band 4 0.360 0.597 0.680 0.681

Table 1: The average log-likelihood scores of the four para-
metric models when fitted to the marginal distributions of the
gradients and four band-pass filter responses on van Hateren’s
data set. The highest log-likelihood scores are marked in bold.
Sub-band signals 1 − 4 are extracted from the the steerable
pyramid coefficients [21]: Sub-band 1 - scale 1, orientation
0◦, Sub-band 2 - scale 2, orientation 45◦, Sub-band 3 - scale
3, orientation 90◦, Sub-band 4 - scale 4, orientation 135◦. G
- Guassian, L - Laplacian, h-L: hyper-Laplacian.

the ill-posed nature of the task, we regularize this problem
with image priors. Specifically, we employ 2 gradient filters
f1 = [1,−1], f2 = [1,−1]T , and enforce the sparsity of the
filter outputs x ⊗ fj (j = 1, 2) with the SGP model. By
seeking the Bayesian MAP estimation of x, we can convert
the restoration task into the following minimization problem:

min
x

∑
i

λ
2
(x⊗ k− y)2i +

2∑
j=1

log(|x⊗ fj |i + γ)

 (2)

where i is the pixel index, and parameter λ balances the con-
tributions of the fidelity term and the sparsity regularizers.
Our sparsity regularizer differs from the log prior (studied
in [22]) in that our regularizer has a parameter γ from the
SGP model, which allows more flexible control on the spar-
sity of the filter responses. Our solution is also significantly
different from the variational method proposed in [22].

This problem poses several challenges for a direct nu-
merical solution: the logarithmic sparsity terms are non-
differentiable at zero and involve filtering operations on the
unknown x. Following the half-quadratic splitting method [13,
18, 23], we solve this optimization problem by introducing
two sets of auxiliary variables z1, z2 at each pixel to decou-
ple the filter responses from the logarithmic penalty terms,
resulting the following minimization problem:

min
x,z1,z2

∑
i

(
λ

2
(x⊗ k− y)2i +

∑
i

2∑
j=1

β

2
(x⊗ fj − zj)

2
i

+
∑
i

2∑
j=1

log(|zj |i + γ)

(3)

where β is a parameter that increases in an iterative optimiza-
tion process. When β approaches infinity, the problem de-
fined in Equation (3) converges to the original problem. For



Kernel
Avg. PSNR (in dB)

σ2
n = 0.0001 σ2

n = 0.001 σ2
n = 0.01

L1 LUT GISA SGP L1 LUT GISA SGP L1 LUT GISA SGP
13× 13 25.871 25.634 25.642 25.633 24.951 24.594 24.613 24.612 23.571 23.104 23.123 23.172
17× 17 24.351 24.074 24.083 24.082 23.611 23.284 23.293 23.322 22.641 22.264 22.273 22.332
21× 21 23.251 23.044 23.053 23.072 22.741 22.504 22.513 22.532 22.041 21.674 21.693 21.752
25× 25 22.581 22.404 22.413 22.422 22.171 21.934 21.943 21.972 21.541 21.194 21.203 21.272

Table 2: The PSNR results of the four non-blind image restoration methods (L1, LUT, GISA and SGP) on the standard image
data set. The reference images are degraded with 4 Gaussian kernels and 3 additive Gaussian noises. The restoration quality of
each method is evaluated by the average PSNR value of the image data set. The highest average PSNR values are marked in
bold. The subscripts denote the relative rankings of the methods for the specified kernel-noise setting.

Kernel
Avg. PSNR (in dB)

σ2
n = 0.0001 σ2

n = 0.001 σ2
n = 0.01

L1 LUT GISA SGP L1 LUT GISA SGP L1 LUT GISA SGP
15× 15 28.624 30.012 29.993 30.011 25.174 27.012 26.993 27.041 23.254 24.603 24.622 24.641

17× 17 27.824 29.221 29.212 29.153 23.874 25.822 25.793 25.841 21.684 23.462 23.453 23.541

19× 19 28.224 29.571 29.552 29.473 23.754 25.852 25.803 25.901 21.044 23.442 23.383 23.641

21× 21 28.894 30.402 30.363 30.421 24.864 27.012 26.963 27.081 21.874 24.072 24.043 24.191

23× 23 28.484 29.522 29.503 29.531 25.354 26.811 26.803 26.802 22.374 23.623 23.642 23.661

27× 27 26.264 27.531 27.512 27.483 23.324 25.052 25.033 25.061 21.294 22.633 22.642 22.711

Table 3: The PSNR results of the four non-blind image restoration methods (L1, LUT, GISA and SGP) on the standard image
data set. The reference images are degraded with 6 motion-blur kernels from [3] and 3 additive Gaussian noises. The restoration
quality of each method is evaluated by the average PSNR value of the image data set. The highest average PSNR values are
marked in bold. The subscripts denote the relative rankings of the methods for the specified kernel-noise setting.

a fixed β, the above problem can be decomposed into two
subproblems with alternative minimization.

Given fixed z1, z2, we first minimize the x subproblem:

min
x

∑
i

λ
2
(x⊗ k− y)2i +

2∑
j=1

β

2
(x⊗ fj − zj)

2
i

 (4)

Under the periodic boundary condition, this subproblem can
be efficiently solved in closed-form with FFT and inverse
FFT. Details about this subproblem can be found in [18].

Given fixed x, We optimize z1, z2 independently:

min
zj

∑
i

(
β

2
(x⊗ f1 − zj)

2
i + log(|zj |i + γ)

)
j = 1, 2

(5)
which can be further converted into a common 1D minimiza-
tion problem on each pixel i:

min
z
g(z) =

β

2
(z − v)2 + log(|z|+ γ) (6)

where v = (x⊗f1)i or (x⊗f2)i. An important property about
g(z) is that g′(z) = 0 can be turned into a quadratic equation,
which allows one to compute the roots with analytic formulae
and find the global minimum of g(z) efficiently.

Our solution varies with the parameter settings of β and
γ. If γ >

√
1
β , the optimal z∗ is computed as follows:

z∗ =

{
sgn(v) · zroot(|v|, β, γ), |v| ≥ 1

γβ

0, |v| < 1
γβ

(7)

where sgn is the signum function, and zroot is the larger root
of the equation g′(z) = 0:

zroot(|v|, β, γ) =
1

2
(|v| − γ) + 1

2

√
(|v|+ γ)2 − 4

β
(8)

If γ ≤
√

1
β , z∗ is summarized as follows:

z∗ =


sgn(v) · zroot, |v| ≥ 1

γβ

argmin
z∈{0,sgn(v)·zroot}

g(z), 2
√

1
β − γ ≤ |v| <

1
γβ

0, |v| < 2
√

1
β − γ

(9)
Derivation details will be given in an extended report. Both
solutions are in the form of nonlinear shrinkage operations on
v with different threshold values. Compared to the solutions
of hyper-Laplacian [13, 14], SGP is conceptually more favor-
able, since z∗ can be computed directly without resorting to
look-up tables or iterative approximations.

4. EXPERIMENTAL RESULTS

We evaluate the restoration performance of our method (de-
noted as SGP), as well as three state-of-the-art methods that
rely on gradient-based priors: the fast TV method (denoted
as L1) [18], a method based on the hyper-Laplcian prior and
look-up tables (denoted as LUT) [13], and a recent hyper-
Laplacian method based on general iterative shrinkage (de-
noted as GISA) [14].



Original Image Corrupted, 16.61dB L1, 20.74dB LUT, 21.96dB GISA, 21.96dB SGP, 22.06dB

Fig. 2: The restoration results of the ’barbara’ example. The original clean image is severely degraded by a large 27 × 27
motion-blur kernel and noise σ2

n = 10−2. Details are best viewed in the electronic version.

We test all four methods on a standard image data set,
containing 12 grayscale images [24]. All images are of size
512 × 512. We create the degraded images with various k-
ernels and noise levels: 4 Gaussian kernels with standard
deviations 6.5, 8.5, 10.5, 12.5 (size ranging from 13 × 13 to
25×25), 6 motion blur kernels recovered from the real-world
images (size ranging from 15 × 15 to 27 × 27) [3]. For the
additive gaussian noise, we use 3 noise levels with increasing
variances σ2

n = 0.0001, 0.001, 0.01.
The four methods are implemented within the same

framework, with a regularization parameter λ and a model-
related parameter: for LUT and GISA, a parameter α ∈ (0, 1)
controls the sparseness of the gradients; for SGP, we have a
γ parameter with the similar purpose; the L1 method needs
no extra parameters. We use a common λ value for all the
methods, which varies between different noise levels. For
noise variances σ2 = 0.0001, 0.001, 0.01, we experimentally
set λ = 2000, 350, 60. LUT and GISA use α = 0.7, while
the γ value of SGP is fixed to 0.4 for the best possible overall
performance. The quantitative results are measured with the
Peak Signal-to-Noise Ratio (PSNR) values.

Results with Gaussian Kernels The average PSNR val-
ues of the four methods with Gaussian kernels and three noise
levels are presented in Table 2. Surprisingly, we find that the
L1 method consistently outperforms the other three methods
for all kernel-noise settings. Our SGP method outperforms
GISA and LUT for all but one of the cases, while GISA and
LUT produce very close results.

Results with Motion-Blur Kernels The PSNR results
with the motion-blur kernels from [3] and various noise lev-
els are presented in Table 3. For these moving-path relat-
ed kernels, the L1 method performs worst for all the testing
cases. For the small noise level (σ2

n = 10−4), LUT, GISA
and SGP showed some mixed performance: for some kernel-
s, LUT gives the best results, while for some other kernels,
SGP performs better than LUT and GISA. Overall, the results
of the three methods are quite close to each other. However,
with increasing noise levels, SGP outperforms the other three
methods for most cases. We provide an example in Figure 2:

Steps Average Running Time (in Seconds)
L1 LUT GISA SGP

Full 1.058 (offline)
0.591 0.624 (online) 0.599 0.591

x-step 0.576
z-step 0.014 0.048 0.023 0.014

Table 4: Average running time (in seconds) of L1, LUT,
GISA and SGP on the standard image data set.

for this severely degraded image, our method can still recover
the main image structures, with fewer artifacts (see the noisy
speckles) than LUT and GISA.

Running Time The average running time of the four
methods are presented in Table 4. Our method runs as fast
as the L1 method, slightly faster than GISA and LUT. LUT
requires some extra computation efforts to build the look-up
tables in an offline process. Note that all four methods solve
exactly the same x subproblem, which dominates the running
time with FFT operations. For the z subproblem, SGP is
about 1.64× faster than GISA in our implementation.

5. CONCLUSIONS

We have presented a non-blind image restoration method
based on the symmetric generalized pareto model, which
shows competitive performance in restoration quality and
processing speed. As future work, we would like to employ
the SGP priors in synthesis-based image models [25]. We
also found that performance of some restoration algorithms
has a strong dependence on the form of the kernels. It would
be of interest to further investigate the exact effect of kernel
characteristics on the restoration techniques.
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